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Abstract
We propose a combinatorial model of economic development. An economy develops by acquiring new capabilities allowing for the
production of an ever greater variety of products of increasingly complex products. Taking into account that economies abandon the
least complex products as they develop over time, we show that variety first increases and then decreases in the course of economic
development. This is consistent with the empirical pattern known as ’the hump’. Our results question the common association of
variety with complexity. We further discuss the implications of our model for future research.
Keywords: economic complexity, product variety, relatedness, capabilities, the hump, stages of diversification
1. Introduction
Our understanding of economic growth has long been guided
by the notion of a production function that specifies how in-
puts such as capital and labour translate into the total output of
an economy. Theoretical models of economic growth typically
abstracted from the exact products that an economy produces,
describing economic growth instead as an increase in aggregate
output.
Recently, more attention has been given to the specific prod-
ucts an economy produces (Hausmann et al., 2007). At the level
of products, inputs can be considered to be strictly complemen-
tary (Kremer, 1993, Hausmann and Hidalgo, 2011, Brummitt
et al., 2017). This assumption is based on the idea that the pro-
duction of any product or service requires a particular combi-
nation of complementary inputs. Missing one of those inputs
renders the others useless in the production process.
Inputs required to produce a product can be many, and in-
clude physical resources and assets as well as knowledge, skills,
and even regulations. All these inputs are often referred to in an
abstract and generic sense as ’capabilities’ (Hidalgo and Haus-
mann, 2009, Hausmann and Hidalgo, 2011). Products can then
be represented as strings of capabilities. The ability of an econ-
omy to produce products (including services) thus depends on
the number of capabilities present in a country, as well as the
ways in which capabilities complement each other.
Developing new products consists of recombining old and
new inputs into configurations that have economic value (In-
oua, 2016). Since these new recombinations will consist largely
of capabilities that were already present, new products will be
similar, or ’related’, to existing ones. The process of develop-
ment can thus be described as one that is exploring new prod-
ucts in the ’adjacent possible’ of the current set of capabilities
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(Kauffman, 1993). This implies that economic development is
a highly path-dependent process (Lall, 2000) characterized by
a logic of related diversification (Hidalgo et al., 2007).
The acquisition of new capabilities does not only allow an
economy to increase its variety of products, but also more com-
plex products in terms of the number of capabilities used in
products. Combining more capabilities implies a more intri-
cate production process leading to products that are arguably
more sophisticated compared to combining only few capabili-
ties. This line of thinking is consistent with the notion of prod-
uct sophistication, and the idea that sophisticated products can
only be produced in well-developed economics with many ca-
pabilities (Lall et al., 2006, Hausmann et al., 2007, Sutton and
Trefler, 2016).
Two streams of research have followed from this combina-
torial framework. First, empirical studies have investigated the
role of relatedness in economic development. New products
will be related to existing products in that new products are pro-
duced using both existing and newly acquired capabilities. Fol-
lowing this reasoning, studies have analysed the extent to which
national and regional economies diversify over time from exist-
ing products into related products (Hidalgo et al., 2007, Neffke
et al., 2011).
Second, there have been several attempts to measure the
average complexity of products produced by a country. The
proposed measures build on methods that infer the complex-
ity of economies by iteratively weighing the variety of prod-
ucts produced in a country and the ubiquity of these products
in other countries. Such indirect measures of complexity have
been used to explain income differences across countries and
their growth rates over time (Hidalgo and Hausmann, 2009,
Tacchella et al., 2012, Cristelli et al., 2015).
Notwithstanding the explanatory power of aforementioned
studies, the economic complexity framework so far neglects
a salient and fundamental feature of economic development.
While new products enter a country’s portfolio as it develops,
already existing products may also exit (Cadot et al., 2011).
One reason that countries lose products from their portfolio
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holds that wages, over time, become so high that a country can-
not remain competitive in certain products (Sutton and Trefler,
2016). Products exiting the portfolio may thus be products that
can be imported at lower prices from low-wage countries. In
addition, some products may become obsolete once their func-
tionality is substituted by new products. Either way, under-
standing economic development will logically have to take into
account both products entering and products exiting at any mo-
ment in time.
Empirically, it has been shown that the variety of products
that an economy produces, is positively related to the income
per capita of its workers (Hesse, 2008, Herzer and Nowak-Lehnmann,
2006, Al-Marhubi, 2000). This relationship, however, only holds
up to a certain level of income per capita, as countries with the
highest income per capita display lower variety. This inverted-
U pattern between income per capita and variety is known as
’the hump’ (Imbs and Wacziarg, 2003, Cadot et al., 2011). In
a dynamic sense, then, the hump suggests that in the course of
development, countries first diversify and then specialize again.
This empirical pattern is inconsistent with the basic model of
economic complexity, which would predict an ever-increasing
variety as more capabilities are acquired over time.
We argue that products exiting a country’s portfolio are likely
to be the least complex ones. Such simple products can be im-
ported at lower prices from low-income countries or substituted
by new products entering a country’s portfolio. Below, we ex-
tend the elementary combinatorial model underlying the frame-
work of economic complexity by imposing a constraint on the
range of the complexity of activities that an economy can en-
gage in. As a result, at a certain stage of development, countries
will start losing their least complex products. The introduction
of this constraint results in a theoretical model that i. is con-
sistent with the principle of related diversification, ii. recovers
the stylized fact of ’the hump’, and iii. predicts that the growth
in economic complexity of an economy accelerates as a func-
tion of newly acquired capabilities. From the model, we further
derive a number of research questions, in particular, regarding
the nature of products exiting countries’ portfolios and the vari-
ations across countries in terms of the timing of the hump. Fi-
nally, we will argue that, as our model suggests that complexity
continues to increase while variety starts decreasing, empirical
measures of complexity that rely on the measurement of variety
are theoretically unsupported.
2. A basic combinatorial model
Following Inoua (2016), we start with a simple model in
which every product is represented as a string of capabilities.
The product length is given by the number of capabilities re-
quired to produce it and indicates a product’s sophistication or
complexity.
The capabilities present in an economy determine the set of
products that an economy can produce. For simplicity, we will
assume that every possible combination of capabilities leads to
a viable product (this assumption will be relaxed below where
we introduce a ’recipe book’). A country that has n capabilities
can make
(
n
s
)
different combinations of lengths s. The longest
product it can produce is the one product that recombines all n
capabilities. The total number of products that a country can
make is given by the total number of strings one can make out
of n capabilities
d(n) =
n∑
s=0
(
n
s
)
= 2n.
The average product length of those products is given by the
total length of all products divided by the total number of prod-
ucts
s¯(n) =
∑n
s=0 s
(
n
s
)
2n
=
n
2
.
This leads to the following basic properties of the model:
1. The product variety is given by d(n) = 2n, so that log(d(n)) ∝
n.
2. The average product length in a country is given by s¯(n) =
n
2 , so that s¯(n) ∝ n.
Combining both properties, it follows that the logarithm of prod-
uct variety is linearly proportional to the average product length:
log(d) ∝ s¯(n).
Further note that in this basic model both the logarithm of the
product variety and the average product length in an economy
could provide a measure of economic complexity, as they are
both proportional to the number of capabilities present (Inoua,
2016). Furthermore, the exponential relation between product
variety and the number of capabilities reflects that a country
with many capabilities can increase its variety more by acquir-
ing a new capability compared to a country with only few capa-
bilities, since the former has more capabilities with which the
new capability can be recombined than the latter. This aspect
of the model has been associated with a ’poverty trap’, as it
predicts a divergence in the absolute levels of product variety
for countries at different stages of development (Hausmann and
Hidalgo, 2011).
3. Product exit
We now extend the model to incorporate the possibility of
an economy losing products. We pose that as the average com-
plexity of products in a country keeps on rising as part of its
economic development - and wages rise accordingly - it can-
not remain competitive in the simplest products. As a result,
a country will see its simplest products exit from its portfo-
lio. This is modeled by imposing a product range r, which de-
termines the range of product lengths a country produces. A
large r indicates that a country makes both long and short prod-
ucts, essentially allowing for a large heterogeneity of product
lengths. A small r means that there is little room for variation
in product lengths, and all products produced will be of ap-
proximately the same length. It follows that countries produce
2
products in the range of length n − r to n, as n is the maximum
product length. The product variety given r is thus given by
d(n, r) =
n∑
s=n−r
(
n
s
)
,
where
(
n
s
)
is the number of products of length s that can be made
out of n capabilities.
The average product length given r is given by (see Ap-
pendix A.3)
s¯(n, r) = n
d(n − 1, r)
d(n, r)
.
As long as r ≥ n, the product range forms no constraint on the
product lengths and no products are lost. In particular, since
d(n, r) = 2n for r > n, we retrieve d(n−1,r)d(n,r) =
1
2 so that s¯(n) =
n
2
as before. When r < n, we find that (see Appendix A.2)
1
2
<
d(n − 1, r)
d(n, r)
< 1.
Assuming that an economy acquires new capabilities one-by-
one, the dynamics of the model can then be represented as in
Figure 1. Once products starts exiting a country’s portfolio, the
rate at which the average product length increases in n goes up
as the number of capabilities increases, but never exceeds 1.
At the same time, the pace of diversification levels off as more
products exit, but a country never loses more products than it
gains.
4. Full model
The assumption that any combination of capabilities leads
to a viable product is arguably too strong. More realistically,
one may assume that only a fraction of combinations of capa-
bilities result into meaningful products. This can be thought
of as imposing a ’recipe book’, which describes the combina-
tions of capabilities that are complementary in that they lead
to viable products (Hausmann and Hidalgo, 2011, Inoua, 2016,
Fink et al., 2017).
The basic model can be generalized by assuming that every
capability is part of a viable product with a given probability ρ
(Inoua, 2016). Parameter ρ can thus be thought of as reflecting
the difficulty to innovation in the sense that not all combinations
of capabilities, or ’recipes’, lead to viable products. The lower
the value of ρ, the harder it is to find useful recipes. A combina-
tion of s capabilities has probability ρs of representing a viable
product of length s. Hence, it becomes increasingly unlikely
that a combination of capabilities leads to a viable product as
more capabilities are added, since ρs is decreasing in s when
ρ < 1. For ρ = 1, we recover the basic model described before.
Since there are
(
n
s
)
possible combinations of s components
one can make from the total of n components, and each com-
bination of length s has probability ρs of being viable, the ex-
pected number of products of length s a country with n com-
ponents can make is given by d(n, s) =
(
n
s
)
ρs. Summing this
Figure 1: The basic dynamics of the model. The blue dashed line shows the case
where no products are lost (r > n). The orange dots represent the case where
r = 5, so a country only makes products with a length in the range of n − 5
and n. The top left panel shows the relation between product variety d(n, r) and
the number of capabilities. For the unconstrained case, there is an exponential
relation between the two, showing a linear relationship on a logarithmic scale.
Imposing a constraint of r = 5, the increase in variety slows down as n increases
beyond 5. The top right panel shows average product length s¯(n) as a function
of the number of capabilities. In the unconstrained case there is a linear relation,
whereas the constrained case shows an acceleration in the increase of average
product length once n > 5 and short products are lost. The bottom panel shows
the resulting relation between the product variety and average product length.
quantity over all product lengths s gives the expected product
variety for a given number of components n
d(n) =
n∑
s=0
(
n
s
)
ρs = (1 + ρ)n.
Since the share of products of length s in a country is given by
(ns)ρs
d(n) , the expected product length given n components can be
computed as (Inoua, 2016)
s¯(n) =
n∑
s=0
s
(
n
s
)
ρs
d(n)
=
ρ
1 + ρ
n. (1)
Note that, as in the basic model before, the expected product
length increases linearly with n, where the exact rate at which
the average product length increases is solely determined by the
difficulty parameter ρ.
Incorporating the product range using parameter r gives
d(n, r) =
n∑
s=n−r
s
(
n
s
)
ρs,
and the average product length given r is given by (see Ap-
3
pendix A.3)
s¯(n, r) = ρn
d(n − 1, r)
d(n, r)
.
In Appendix A.5 it is shown that for r < n, the average product
length is bounded from below by
ρ
1 + ρ
n < s¯(n, r).
Thus once a country starts losing products, the increase of av-
erage product length with the number of capabilities starts ac-
celerating. Furthermore, as long as variety is increasing, the
increase in average product length is bounded as s¯(n, r) < ρn.
The model with ρ < 1 shows an important qualitative dif-
ference with the basic model with ρ = 1, in that for ρ < 1 a de-
crease in variety can occur, which happens when more products
exit than product enter. The condition for a decline in product
variety, i.e. for ’the hump’ to occur, is given by (see Appendix
A.4)
d(n, r) <
(
n
r
)
ρn−r−1.
Once this condition is met, i.e. when a country starts losing
more products than it gains, the average product length grows
with a rate larger than ρ
s¯(n, r) = ρn
d(n − 1, r)
d(n, r)
> ρn
The model thus predicts that a decrease in variety is accom-
panied by further acceleration of the increase of the average
product length with the number of capabilities as the shortest
products are dropped. In this respect, losing the least sophis-
ticated products constitutes a means to improve an economy’s
complexity.
Finally note that the increasing rate of the average product
length is bounded from above by n (see Appendix A.5):
s¯(n, r) < n,
which describes the limiting case in which only the single longest
product of length n is produced.
In summary, the model exhibits the two ’stages of diversifi-
cation’ as identified empirically by Imbs and Wacziarg (2003),
along with a transitory phase in between, known as ’the hump’.
An overview of the three stages and their conditions is given in
Table 1. Figure 2 further shows the dynamics of the model for
the example of ρ = 0.5. In the model, the first stage of diversi-
fication is characterized by an exponential increase in product
variety. During this stage no products are lost since the allowed
range of product complexities exceeds the total number of ca-
pabilities. The average product length increases linearly in n
with a rate that is determined by parameter ρ. In the transition
stage, the simplest products are not produced anymore but the
economy is still diversifying, although the rate of diversifica-
tion slows down. The increases in average product length on
the other hand accelerates as the shortest products exit a coun-
try’s portfolio. In the final stage of diversification, then, more
products are lost than gained, so variety decreases as more ca-
pabilities are acquired. During this stage, the rate of the aver-
age product length further increases and approaches the limiting
rate of 1.
stage condition variety avg. product length
developing r > n exponentially increasing s¯(n) = ρ1+ρn
transitioning r < n, d(n, r) >
(
n
r
)
ρn−r−1 increasing with a decreasing rate ρ1+ρn ≤ s¯(n) ≤ ρn.
developed r < n, d(n, r) <
(
n
r
)
ρn−r−1 decreasing ρn ≤ s¯(n) ≤ n.
Table 1: The conditions for the three stages in the model, with the correspond-
ing values of product variety and average product length.
A final feature of the model hold that the product range r de-
termines at what number of capabilities a country enters a new
stage of diversification. A country with a large product range r
will start losing products at a higher number of capabilities than
a country with a small product range. Thus, a large r causes a
country to go through the hump later than a country with lower
r. And, countries with relatively low product range will expe-
rience the hump already at a low number of capabilities. The
effect of r on the onset of the hump is shown in Figure 3.
Figure 2: The dynamics for the model including a ’recipe book’, where every
capability is used in a product with probability ρ = 0.5. The dashed blue line
represent the case where there is no constraint by the product range (r > n),
and the orange dots show the case where r = 30. The grey panel’s left border
indicates the point where r = n, and products start to be lost due to the restricted
product range. The right edge of the grey panel indicates the location of the
’hump’, i.e. when more products exit than products enter. The top left panel
shows how the expected product variety increases and then decreases in n for
the constrained case. The top right panel shows the expected average product
length, which shows an increase in the rate during the transitioning period. The
bottom panel shows the relation between product variety and average product
length for the three stages of development.
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Figure 3: The dynamics of the model for different values of product range r.
The wider the product range (the larger r), the later the hump occurs.
5. Conclusions
Elaborating on the combinatorial framework of economic
development proposed by Hausmann and Hidalgo (2011) and
Inoua (2016), we have modelled an economy as developing
over time by acquiring new capabilities one-by-one. Every new
capability is recombined with existing capabilities to allow for
the production of an ever greater variety of products as well as
more complex products. As long as a country produces every
product it can produce given its capabilities, variety increases
exponentially with the number of capabilities present, while the
average product complexity as measured by the required num-
ber of capabilities, only increases linearly with the number of
capabilities. By assuming that there is a maximum range of
product complexities that can be made in a country, one is able
to to recover ’the hump’ in variety, which refers to the stylized
fact that economies first increase and then decrease their prod-
uct variety as they develop (Imbs and Wacziarg, 2003, Cadot
et al., 2011).
The larger the range of product complexities that an econ-
omy tolerates to be produced, the longer it takes for the hump
to occur. As anticipated by Imbs and Wacziarg (2003), the em-
pirical question that follows holds what country characteristics
affect this range, so as to be able to explain why some countries
experience the hump earlier in their development than others.
For example, the size of a country may be of importance as
larger countries may keep on producing low-complexity prod-
ucts for much longer in their low-wage regions compared to
small countries where such low-wage regions may be absent.
Furthermore, institutional factors including the absence of a
minimum wage (prolonging the production of simple products)
and trade barriers (preventing the import of simple products
from low-wage countries) may further explain a delayed oc-
currence of the hump.
One objection to the model presented here may regard the
way the recipe book is modelled. It was assumed that every
capability has an equal chance to be part of any product. It is
reasonable to think of some capabilities to be more useful than
others in that some capabilities have a higher probability to oc-
cur in products than others. Recent empirical research mapping
inputs onto outputs has indeed shown that inputs may differ in
their prevalence (Fink et al., 2017). The structure of our model
does allow for alternative formulations of the recipe book. Note
here that for the hump to occur, it only matters whether a recipe
book shows a single-peaked distribution of product complexi-
ties as the lower bound of the range of tolerated product com-
plexities will then inevitably pass this peak, as the number of
capabilities increases.
6. Implications
Turning to the recent burgeoning literature on economic
complexity, our model bears an important implication. We have
argued that the relationship between product variety (the num-
ber of products) and economic complexity (the average num-
ber of capabilities used in products) is highly dependent on
the stage of development. During an economy’s first stage of
development, product variety and economic complexity evolve
in tandem with variety increasing exponentially and complex-
ity increasing linearly with the number of capabilities. Hence,
one could derive an economy’s unobservable economic com-
plexity from the logarithm of the observable product variety
(Inoua, 2016). This relationship, however, changes in a tran-
sition stage during which the increase in economic complexity
accelerates while the increase in product variety slows down, to
eventually reach the final stage of diversification during which
product variety even starts declining after going through the
hump. As the relationship between variety and complexity de-
pends on the stage of an economy’s development, empirical at-
tempts to derive economic complexity from product variety are
not grounded theoretically by this model. More precisely, fol-
lowing our model, such attempts may only be meaningful for
developing countries being in the first stage of diversification.
Note that our theoretical argument to fundamentally distinguish
between variety and complexity adds to a recent methodologi-
cal contribution by Mealy et al. (2018) who disentangle the al-
leged association between variety and complexity in empirical
studies measuring economic complexity.
One way ahead in empirical research, then, is to collect di-
rect measurements of complexity from observable characteris-
tics of products. For example, and in line with the notion that
more complex products are those that require more capabili-
ties to be produced, one could measure a product’s complex-
ity from the number of professions involved in its production.
In the context of the model we just presented, a direct mea-
sure of complexity is important for two reasons. First, using
such a measure, one would be able to verify the assertion that
economies drop the simplest products from their portfolio, next
to other exit determinants as already investigated (Neffke et al.,
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2011, Essletzbichler, 2015). While there is some indirect evi-
dence that countries do so (Cadot et al., 2011), we should at-
tempt to verify this empirically. Second, a direct measure of
complexity would also be required to further scrutinize the phe-
nomenon of the hump. While our model can replicate the hump
as a stylized fact of economic development over time, one is in
need of a complexity measure to estimate the exact shape of the
hump as a relation between complexity and variety, as predicted
by the model.
The question that remains is how we should understand the
relationship between economic development (as understood in
terms of stages of diversification) and economic growth (as un-
derstood in terms of GDP per capita). We have been able to
show that as countries lose the simplest products from their
portfolio, they will experience faster increases in the average
complexity of the products that remain. One may be tempted,
then, to associate the economic complexity of an economy with
GDP per capita if one assumes that the average complexity of
products in the economy is reflected in the average wage paid to
labour. Following this reasoning, our model would predict that
the GDP per capita of high-income countries has accelerated
over the past decades, while the opposite has been observed.
This reasoning, however, suffers from confusing the variety of
products in an economy (extensive margin) with their relative
shares (intensive margin). To consider the GDP per capita as
a proxy for average product complexity would assume that all
products have an equal share in the economy as well as in the
workforce.
More fundamentally, while economic development can be
understood as stemming from the acquisition of new capabili-
ties, there is no reason to believe that new capabilities arrive at
a constant rate. For developing countries, the challenge to ac-
quire capabilities may be largely sought in the adoption of ca-
pabilities that already exist in the world through channels like
imitation, immigration, cooperation and learning. By contrast,
countries at the frontier of technological development have to
rely on the invention of new capabilities and finding the new
combinations with the capabilities they already have (Klinger
and Lederman, 2004). Theoretically, then, it is conceivable that
the slowdown of growth in high-income countries over the past
decades is solely the result of a slowdown in the rate at which
new capabilities are acquired. This links to observed changes
in the return to R&D, which arguably underlie to an important
extent the acquisition of new capabilities. Indeed, evidence is
mounting that the return on R&D has been declining over the
past decades, precisely because of the difficulty to recombine an
ever larger number of knowledge domains into new inventions
(Jones, 2009, Gordon, 2016). Yet, to fully appreciate this recent
finding in the light of the framework of economic complexity,
we are in need of direct measures of capabilities to understand
the evolution of economic complexity across space and time.
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Appendix A. Derivations of full model quantities
Appendix A.1. Average product length
s¯(n) =
n∑
s=0
s
d(n, s)
d(n)
=
∑n
s=0 s
(
n
s
)
ρs
(1 + ρ)n
= (1 + ρ)−n
n∑
s=1
s
n
s
(
n − 1
s − 1
)
ρs
= ρ(1 + ρ)−nn
n∑
s=1
(
n − 1
s − 1
)
ρs−1
= ρ(1 + ρ)−nn
n−1∑
x=0
(
n − 1
x
)
ρx
= ρ(1 + ρ)−nn(1 + ρ)n−1
=
ρ
1 + ρ
n.
Appendix A.2. Bounds on average product length for ρ = 1
For ρ = 1, we have that
1
2
≤ d(n − 1, r)
d(n, r)
< 1.
First, note that
d(n, r) = 2d(n − 1, r) −
(
n − 1
r
)
(A.1)
by Appendix A.4. Now since
d(n − 1, r) =
n−1∑
s=n−1−r
(
n − 1
s
)
=
n−1∑
s=n−r
(
n − 1
s
)
+
(
n − 1
n − 1 − r
)
>
(
n − 1
n − 1 − r
)
,
we have that
d(n, r) = 2d(n − 1, r) −
(
n − 1
r
)
= 2d(n − 1, r) −
(
n − 1
n − 1 − r
)
> 2d(n − 1, r) − d(n − 1, r)
> d(n − 1, r),
so that d(n−1,r)d(n,r) < 1.
Furthermore, since
(
n−1
r
)
> 0, (A.1) gives that
d(n, r) < 2d(n − 1, r)
and thus d(n−1,r)d(n,r) >
1
2 for r < n.
Appendix A.3. Average product length given r
First, note that the total product length is given by
d(n, r)s¯(n, r) =
n∑
s=n−r
s
(
n
s
)
ρs
= nρ
n∑
s=n−r
(n − 1)!
(s − 1)!(n − s)!ρ
s−1
= nρ
n−1∑
s′=n−r−1
(n − 1)!
s′!(n − s′ − 1)!ρ
s′
= nρ
n−1∑
s′=n−r−1
(
n − 1
s′
)
ρs
′
= nρd(n − 1, r)
so that the average product length is given by
s¯(n, r) = nρ
d(n − 1, r)
d(n, r)
.
Appendix A.4. Diversification including r
The grows in product variety is given by
d(n + 1, r) − d(n, r) =
n+1∑
s=n+1−r
(
n + 1
s
)
ρs −
n∑
s=n−r
(
n
s
)
ρs
=
n+1∑
s=n+1−r
(
n + 1
s
)
ρs −
n+1∑
s=n−r
n + 1 − s
n + 1
(
n + 1
s
)
ρs
=
n+1∑
s=n+1−r
(
n + 1
s
)
ρs −
n+1∑
s=n+1−r
n + 1 − s
n + 1
(
n + 1
s
)
ρs − r + 1
n + 1
(
n + 1
n − r
)
ρn−r
=
n+1∑
s=n+1−r
s
n + 1
(
n + 1
s
)
ρs −
(
n
r
)
ρn−r
= ρd(n, r) −
(
n
r
)
ρn−r.
Hence variety starts decreasing for n, r when
d(n, r) <
(
n
r
)
ρn−r−1.
Appendix A.5. Bounds on average word length
We show that
ρ
1 + ρ
n < s¯(n, r) < n.
From Appendix A.4 we have
d(n, r) = (1 + ρ)d(n − 1, r) −
(
n − 1
r
)
ρn−r−1,
so that
d(n − 1, r)
d(n, r)
=
d(n − 1, r)
(1 + ρ)d(n − 1, r) −
(
n−1
r
)
ρn−r−1
>
d(n − 1, r)
(1 + ρ)d(n − 1, r) =
1
1 + ρ
.
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This means that a lower bound on average word length is given
by
s¯(n, r) = nρ
d(n − 1, r)
d(n, r)
> n
ρ
1 + ρ
since
(
n−1
r
)
ρn−r−1 > 0.
To find an upper bound, first note that(
n − 1
r
)
ρn−r−1 <
n−1∑
s=n−r−1
(
n
s
)
ρs = d(n − 1, r).
We then find that
d(n, r) = (1 + ρ)d(n − 1, r) −
(
n − 1
r
)
ρn−r−1
= (1 + ρ)d(n − 1, r) −
(
n − 1
n − 1 − r
)
ρn−r−1
> (1 + ρ)d(n − 1, r) − d(n − 1, r)
> ρd(n − 1, r),
so that
d(n − 1, r)
d(n, r)
<
1
ρ
,
and
s¯(n, r) = nρ
d(n − 1, r)
d(n, r)
< n.
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